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Abstract:    

Partial Differential equations in particular non-linear are very important to study. They are used for modeling dynamics of various 

objects in spaces. There is a method called Charpits method to solve the non-linear partial differential equations when it is of the 

form F(x,y,z,p,q)=0.In present paper we are discussing the partial differential equation of first degree in n independent variables 

as F(x1 , x2, x3 , x4 , x5,… xn , u, , , , …  ,  ) = 0 where  = ith order partial derivative of dependent variable 

u with respect to independent variable xj only for i=1. Also we apply modified Charp its  method to obtain the solution of 1
st

 order 

linear partial differential equation in n independent variables . 
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I. Introduction : 

Cauchy’s Method of characterizations: 

Consider the non-linear partial d ifferential equation of 1
st
 

order in 2n+1 variab les as F(x1, x2, x3, x4, …….xn, u, ,  

 ,… ) = 0, ……….………………………….…(1) 

where u is function of independent variables x1, x2, , …….xn  

and pi= . 

The hyper-plan passing through the point P(x10, x20…xn0, u0) 

with it’s normal parallel to the direction n defined by the 

direction ratios (p10, p20, …pn0, -1) is uniquely specified by 

the set of numbers  D(x10, x20…xn0, u0, p10, p20, …pn0) whose 

component satisfies the equation      F(x1, x2, x3, x4, …….xn, 

u, p1, p2, ……pn) = 

0…………………………………………..….(2) is called 

integral element of equation (1) at the point (x10, x20…xn0, 

u0). It is theoretically possible to solve the equation 2) to 

obtain pn= G(x1, x2 , …xn , u, p1, ...….pn-1)……………..(3) 

From which to calculate pn when x1, x2, …xn, u, p1, ...….pn-1 

are known. By keeping  x10, x20…xn0, u0, p10, p20, …p(n-2)0, 

fixed and varying p(n-1)0, we obtain the set of plane elements 

{ x10, x20…xn0, u0, p10, p20, …p(n-1)0, G(x10, x20…xn0, u0, p10, 

p20, …p(n-1)0, pn) } which  depends on a single parameter pn. 

As pn varies, we obtain a set of plane elements all of which 

passes through the point pn and which therefore form 

envelope of a cone with vertex P. The cone so generated is 

called the elementary cone of equation (2).  

 

Consider a surface S whose equation is u = g(x1, x2 , x3, x4, 

…….xn)……………………..(4) 

If the function g(x1, x2, x3, x4 , …….xn) and its first partial 

derivatives gx1((x1, x2, x3, x4, …….xn), gx2(x1, x2, x3, x4, 

…….xn), …… gxn(x1, x2, x3, x4, …….xn ), are continuous in 

a certain region R of ( x1 , x2 , x3, x4, …….xn ) as  hyper plane, 

then the tangent plane at each point of S determines a plane  

element of the type { x10, x20…xn0, g(x10, x20…xn0), gx1((x10, 

x20 …xn0), gx2((x10, x20 …xn0),  ……. gxn((x10, x20 …xn0) } 

which we shall call the tangent element of the surface S at 

the point { x10, x20…xn0, g(x10, 

x20 …xn0)}……………………..(5) 

  

Theorem 1) A necessary and sufficient condition that the 

surface be integral surface of a partial differential equation 

is that at each point it’s tangent element should touch the 

elementary cone of the equation. 
Proof: A curve C with parametric equations  x1 = x1(t) , x2= 

x2(t )…….xn= xn(t ), u= u(t)……(6) 

lies on the surface (4) of u (t) = g(x1(t) ,  x2 (t), ……... xn (t)) 

for all values of t in an appropriate interval I. If p0 is a point 

on this curve determined by the parameter t0, then the 

direction ratios of the tangent line p0p1 are ( (t0), (t0), 

(t0)……. (t0)) where (t0) denote the value of  

when t = t0. This direction will be perpendicular to the 

direction (p10, p20, ..…..pno, -1) if u’(t0) = p10 (t0) + 

p20 (t0) + p30 (t0)…..+ pn0 (t0). For this reason we 

say that the set (x1(t) ,  x2(t), ……... xn(t), u(t), p1(t), 

p2(t)…..pn(t)) ………………………(7) of 2n+1 real 

functions satisfy the condition u’(t) = p1(t) (t) + 

p2 (t) + p3(t) (t)…..+ 

pn (t)………………………………………………(8) 

defines a strip at the point (x1, x2,……xn , u) of the curve C. 

If such strip is also an integral element of equation (2), we 

say that it is an integral strip of equation (2). The set of 

functions (7) is an integral strip of equation (2) provided 

they satisfy condition (8) and further condition  F(x1 (t) ,  

x2(t ), ……... xn(t), u(t), p1(t), p2(t)…..pn(t)) = 

0…………………………………(9) 

for all t in I. If at each point of curve (6), touches a 

generator of the elementary cone we say the corresponding 

strip is a characteristic strip. We shall now derive the 

equation determining a characteristic strip. The point 

(x1+dx1, x2 +dx2, xn + dxn, u + du ) lies on the tangent plane 

to the elementary cone at P if du = p1dx1 + p2dx2 + 
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p3dx3+……..pndxn  …….……(10). where p1, p2 ……. Pn 

satisfies the relation (2). d  

 

Differentiating (10) w.r.t. p1 we get 

0 = dx1 +  dx2+ +  dx3 + ………+  dxn  

 

And differentiating (2) w.r.t. p1 we get, 

 +      +     …….    = 0. 

 

Again differentiating (2) w.r.t. p2 we get, 

 +      +     …….    = 0. 

 

And continuing differentiat ing (2) w.r.t. pn we get, 

 +      +     +…….+    = 0. 

 

Solving these n+1 equations in n+1 unknowns so the ratios 

dx1, dx2,.dxn , du can be found with these n+1 relat ions as 

  =     =  ………….  = 

 

 

So that along the characteristic strip (t), (t), 

(t), (t), u’(t ) must be proportional to   

….. ,  

respectively. 

 

If we choose (t) =  , (t) =  , ……. (t) = 

………………………………..(14) 

 

u’(t) = 

…………………

……………………..(15) 

 

Along the (t) =   . (t) +   . (t) +……… +   

. (t) 

= .  +   .  +……… +   .  

 

Since  =  for each i , j = 1,2,3………n. 

 

(t) = = .  +   .  +……… +   .  

 

So differentiating (2) with respect to x1 , we get, 

 +  +   .   +     +…….+     

= 0. So that the characteristic strip is  

 

(t) =  + p1.Fu) , (t) =  + p2.Fu) 

,…. (t) =  + pn.Fu) …..(16) 

Collecting equations (14), (15) and (16) together we get 

following system of 2n+1  ordinary differential equations 

for the determination of characteristic strip  

 

(t) =  , (t) =  , ……. (t) = , u’(t) = 

, 

(t) =  + p1.Fu) , (t) =  + p2.Fu) 

,…. (t) =  + pn.Fu) ……(17) 

These equations are known as the differential equations of 

the differential equation (2).  

 

This is system of simultaneous differential equations of first 

order and of first degree to get extension of theorem of 

existence and uniqueness of solution, if the functions in 

equation (17) satisfy Lipchitz conditions. Then there is 

unique solution of the equations for each prescribed set of 

initial values of the variables. Therefore the characteristic 

strip is determined uniquely by any initial element (x10, 

x20 …xn0, u0, p10, p20,pn0) and the initial value t0 of t. 

 

Theorem 2) along every characteristic strip, the equation 

F(x1, x2, x3, x4, …….xn, u, p1, p2, ……pn) = 0 the function 

F(x1, x2, x3, x4, …….xn , u, p1, p2, ……pn)  is a constant. 

 

Proof: Along the characteristic strip, we have, 

(F(x1 (t) , x2(t ), ……... xn (t), u (t), p1(t), p2(t)…..pn(t)) = 

. (t) + (t) +  ……. (t) + Fu.u
’
(t) + 

 + … +  

= .  + + ……. + 

Fu.(  -  

 + p1.Fu)  + p2.Fu) -….   + 

pn.Fu) = 0. So the  

 

So that F(x1, x2, x3, x4,.xn , u, p1, p2, ……pn) = 0 a constant 

along the strip. 

 

II. Compatible system in n-variables: 

If every solution of the first order partial differential 

equation F(x1, x2, x3, x4, …….xn, u, p1, p2, ……pn) = 

0…………………………………………………………(1) 

is also the solution of the equation g(x1, x2, x3, x4, …….xn, 

u, p1, p2, ……pn) = 0 …………(2)  then we say f and g are 

compatible. 

 

By equation (17) each ratio becomes 

 

  =     =…………=   = 

 =  

=  =…… =  which are 

char pit’s  equations in general form. 

 

Example: 1) So lve p1 + p2+ p3 +p4 = 0 
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III. Conclusion:  

The Char p it’s  method in general form gives solution of 

linear or non-linear part ial d ifferential equations of first 

order in n-variables. There is scope to write the curl(X) 

when X is an n-dimensional vector. Also derivation of 

compatible condit ion and verificat ion of Char pit’s 

equations for n-dimensional space are being open problem. 
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